In convection~iiffusion problems a first-order upwind difference approximation is usually used on a locally refined mesh to get a wiggle free solution, which is then corrected using some form of deferred correction to get second-order accuracy. Pereyra (1966) has shown that improving accuracy, of a low-order scheme using deferred correction, requires the existence of an asymptotic expansion for the discretization error of the scheme concerned. In this paper bounds on the discretization error are obtained when the first-order upwind difference scheme is applied to the convection-diffusion equation on a locally refined mesh, both in one and two dimensions. Existence of an asymptotic expansion for the discretization error is established. Different formulae, at the nodes separating subregions of differing mesh sizes, are analysed and numerical tests performed to illustrate validity of the resulting expressions.
Introduction
The deferred correction procedure to improve accuracy of numerical results of a finite difference scheme works subject to the existence of an asymptotic expansion of its discretization error [13] . Here the existence of an asymptotic error expansion for a nonuniform mesh system is proved when the standard first-order upwind difference scheme is used to approximate the steady-state linear convection-diffusion equation. gives an asymptotic error expansion in the case of a uniform mesh in quite a general form. In problems governed by the convection-diffusion equation in which the convective terms are dominant, use of a nonuniform mesh is always recommended in the vicinity of boundary layers, sources and sinks, and re-entrant corners, etc.
Sometimes other methods dealing with such complexities, like use of locally analytic forms of sources, supplement local mesh refinement.
Although numerous upwind and hybrid schemes (see for example [10, 12, 15, 17,l) have been devised to avoid wiggles that normally accompany the results of the standard second-order centred difference schemes, most of the schemes that claim to improve difference representation of the convection term have severe restriction on their utility [12] . The simplest to apply, and giving a diagonally dominant coefficient matrix, is the standard first-order upwind difference scheme. The existence of an asymptotic error expansion on a nonuniform mesh provides justification to improve the accuracy of this scheme using some form of deferred correction [1] . Results are presented using mesh size reduction in a single subregion to point out the consequent shape of the resulting variational equation. For simplicity only linear convection-diffusion equation is considered, which includes important cases such as the Laplace and the Poisson equations. Numerical results are presented in which multiple mesh size reduction and validity of difference correction is illustrated in such situations. Accuracy of a few schemes, at the boundary separating regions of differing mesh sizes in two dimensions, predicted by the variational equations have been illustrated by the numerical results. Such situations arise in nearly all flow problems where mesh adaptivity plays an important role.
In Section 2 the one-dimensional problem is discussed. The difference formula usually applied at a node separating regions of differing mesh sizes and the error bound for the corresponding difference scheme is obtained. Using this bound, the first terms of the asymptotic expansion for the respective discretization error are obtained. Extension of these results to two dimensions together with the inherent complications is discussed in the third section. In Section 4 after the description of the difference correction procedure, some numerical examples are given to illustrate the results of the preceding two sections. Rounding errors are considered negligible throughout.
The one-dimensional problem
The linear convection-diffusion equation for steady-state problems in one-dimensional form is -u" + cu' + fu = g, (1) where f > 0, c and g are continuous functions on [a, b-l, a, b are real numbers, and u' stands for du/dx. The term containing second-order derivative, the diffusion term, has the effect of smoothing any spatial nonuniformity in u while the term containing the first-order derivative, the convective term, transports the nonuniformities spatially. When the convective term dominates the equation, the usual second-order centred difference scheme produces wiggles in the solution. This scheme is obtained when u' is approximated by (1/2h)AoU. Here h is the mesh size, U the approximation to u and Ao the centred difference operator defined by
It is the generation of wiggles by most of the higher-order centred difference schemes that give way to the use of, either higher-order upwind difference schemes or, the highly diffusive first-order upwind scheme whose solution is then corrected using some form of defect-correction. In the first-order upwinding considered here, u' is approximated by (1/h)d + U when c < 0, and (1/h)A _ U when c > 0, with A ÷ and A _ the forward and backward first-order difference operators defined by
respectively. The second-order derivative u" is approximated by (1/h2)62U with the second-order difference operator 32 , given by 62Uj = Ui+ , -2Uj + Uj_,,
in a region of uniform mesh spacing h. At a node k separating regions of differing mesh sizes h and nh, say
where N is the total number of elements in [a, hi, the approximation for U"(Xk) is
Without loss of generality, we take n = 2 and H, f, g and c refer to their local values throughout the following.
Consider the boundary-value problem
where I is defined by (1) . When (7) is approximated by
(8a)
with Uo = ua and UN = u~, the resulting coefficient matrix (say) A is irreducible because of the connectedness of the interior nodes [3] . In addition, entries on the main diagonal are all positive; all nonzero off-diagonal entries are negative; row sums are all nonnegative, and in particular, the sum of entries of the first row (and similarly of the last row) is strictly positive. This shows that A is monotonic [3] .
If u denotes the exact solution of (7) and uj denotes u(xj) then the discretization error e = (eo, el,..., eN) T has component ej given by Uj -uj and the truncation error T(u) of (8) is
That is,
The discretization error e of the difference scheme (8) satisfies
where I1"11 is the supremum norm defined by
Proof. Subtracting (9) 
Then by (9)
where (17) and
showing 1 1
This gives
A the coefficient matrix of the linear system given by (8) 
Proof. Upon dividing by h and denoting eJh by ~j, (13) gives
(23)
At j = k, the approximation (8) gives
Thus (10) implies
This is a finite difference approximation to
when c > 0, when c < 0
at x = xk. Now, since H is arbitrary, all the terms except the first ones on the left-hand side approach zero with/4 and so (26) approximates e'(x_) = e'(x+) at x = xk.
(28)
In view of (10) the expression (25) is a finite difference approximation to
The remaining two conditions of (24) follow from the continuity of e which is necessary for differentiability and from the boundary conditions Uo = ua and UN = Ub.
If 8 denotes the vector (eo,e~,...,eN) T, e~ = e(x~) then by the corollary to Theorem 1, the discretization error i -8 of the difference scheme (26) satisfies
Ili -811 ---O(h). (30)

Thus ~j = ~ + O(h) which on substitution for ~j gives (23). []
Notice that if at x = Xk, U" is approximated by the first-order Shortlay-Weller formula, 2{Uk-x --(n + 1)Uk + nUk+l}/n(n + 1)h 2, (31) the coefficient matrix is still monotone and the expressions (11) and hence (24) still hold for the discretization error. However, now for the continuity of the derivative of e at x = Xk, we will have an arrangement of the form
which is a finite difference approximation to
when c < 0, at x = Xk. Also in this case the coefficient matrix being tridiagonal can be inverted analytically [1] to give a stricter bound on e, as compared to (11).
The two-dimensional case
The steady-state convection-diffusion equation in two dimensions has the general form auxx + buy r + cux + duy -fu = g, only Dirichlet boundary conditions, as in Section 1, are considered here. Extension, to cases of curved boundaries and derivative boundary conditions on all or part of 0t2, is straightforward. As before A +, A_, Ao and 62 denote the first-order forward, backward and the two second-order centered difference operators, respectively. Here they are subscripted with x or y according to application along x or y coordinate directions, respectively. For neighbours of a node O, the compass notation, as shown in Fig. 1 , is used. To make the presentation straightforward the region f2 is discretized with a square mesh and refinement is limited to halving the mesh, only in a part of t2, like the one-dimensional case.
We consider the boundary-value problem associated with Eq. (33),
Let the mesh size be h in a subregion o9 _ t2 and 2h in t2\o9 as shown in Fig. 2 . The corresponding set of nodes generated in region f2 is denoted by f2n. 
N Enf
when O E F~, 
S Esf
L(Uo) = ao(4Uw -6Uo + U~ s + UEss --32 Uo)
= 6h2go when Co < 0.
For O e Fx, expressions analogous to (36)-(37) hold. In this case the resulting coefficient matrix is monotone, subject to 6b > a when O e F r, and 6a > b when O e Fx. ProoL Suppose c and d do not change sign in t2; then we can choose the ellipse in the hypothesis such that t2 is contained in its
For the boundary-value problem (34)
where L is given by (35)-(37), and the truncation error T is given by 
where e is the solution of the boundary-value problem 
Here the right-hand side is a difference approximation to
ao{ex(x+,y) -ex(X-,y)} + bo{er(x,y+) -er(x,y-) } + 2hco~x(x+,y) + 2hdoer(x, y+) -2hfoeo.
But at O, er(x, y_) = ~r(x, y+) and h is arbitrary. Thus (47) is a difference approximation to ao{e~,(x+, y) -ex(x-, y)} = 0 or ex(x+, y) = ex(x-, y). 
and L(Uo) = ao{Uws -2Uo + ½(UE.s + Ue~s)} + 4bohZrUo
These and analogous relations at, nodes in, Fy when used in conjunction with (35), give a difference approximation of the boundary-value problem (34) for which the coefficient matrix of the corresponding linear system of algebraic equations is monotonic (like the preceding cases). But as is clear from its truncation error, namely
T(uo) = {lauyy + ¼h[4cuxx + aUxy r + (c + 2d)uyy]} o + ¼h 2 {~3CoUx,,x(~l) + z3 douyyy(¢2) + 2CoUxyy(¢3) + ~aoUx~xx(¢4) + ~(ao + 8bo)uyyyy(¢5) + aoUxxyy(~6)},
the formulae (49)-(50) lead to an inconsistent approximation at such nodes. Also 
Here the left-hand side is a difference approximation to
½ao{e~(x+,y)-ex(x_,y)} + bo{er(x,y+ ) -ey(x,y_)} + 2hcoex(X+,y) + ½hdoey(x,y+) -hfoeo.
Since, at O, ey(x,y_) = ey(x,y+) and h is arbitrary, so (53) 
~-~L(eo) = ~-~[L(U)-L(u)]o = -[u~ + 1-~h2uxx~ + O(h4)-lo, 0~1" r.
Denoting e/h by ~, this gives 
Then for (34)
Thus, proceeding as before, we get 9eN--h eo 9e° -h es 3eN/f3h--eo + 3e°--3hes:f _ 6h2ux:,xx + O(h4), which is a difference approximation to
6{ex(x+,y) -ex(X-,y)} = 6h2uxxxx + O(h4).
This gives e~,(x+, y) = e:,(x-, y)
on part of { (t2ktn)n Oco} II y-axis due to the arbitrariness of h. That (61) gives as accurate results as (36)-(37), will be illustrated by an example (Problem 2) in the next section.
Numerical calculations
In this section the difference correction procedure is described and three numerical examples are given to prove the validity of the results presented above.
Difference correction
In this form of deffered correction a preliminary solution U, referred to as the original solution, is computed and used to evaluate the leading term of the truncation error. This term is then "added" to the original discretized equation as a source term and an improved solution is obtained. In principle the improved solution can be used to re-evaluate the leading term in the truncation error and the whole process repeated but a single step procedure is usually efficient computationally. To illustrate this, consider a one-dimensional problem approximated by 
Numerical examples
The first test problem is one-dimensional. It illustrates the gain in accuracy due to application of the difference correction on a mesh refined in two subregions. The second problem is twodimensional, illustrating the use of special procedures at nodes as given in Figs. 5 and 6, and the gain in accuracy when the difference correction is applied on a mesh refined in four subregions. Better accuracy by an inconsistent formula compared with the simple linear interpolation is worth noticing. The third problem is a two-dimensional temperature field with clockwise convection around the origin. This problem has been studied by Hemker 1, 6] and is presented here to highlight the use of difference correction on a locally refined mesh. Problem 1.
with u(0) = 0 and u(1) = 1. Exact solution of this problem is
A boundary layer at the right end, whose thickness decreases inversely with c, dictates the use of some special technique near the right boundary when c>> 1. Let c = 20. In Fig. 7 are the plots of errors for a uniform mesh of size h = ~o. Curve 1 (and 2) represents the discretization error (and its estimate) for the original solution. Curve 3 is the estimate of the corresponding truncation error when only the first term of the truncation error is approximated by a difference quotient. When U is ecorrected using difference correction, the discretization error represented by curve 4 is highly Only lower left quarter of the whole region is used for illustration because of symmetry and i, j vary from 0 to 50 in calculating u. In Figs. 9-15, different curves correspond to different values of y in ascending order. Discretization error of the scheme (35) given in Fig. 9 for a uniform mesh of size H = ~ suggests singular behaviour of the solution in the corners. Mesh refinement seems to be necessary in a square subregion of side length slightly greater than ¼ near each corner. When the mesh is bisected in each direction, in the subregions of size ~ x ~ in each corner, this error takes the shape shown in Fig. 10 for the scheme (35)-(37). When on this nonuniform mesh the inconsistent formula (49)-(50) is used at Fx and F r together with (35), the discretization error shown in Fig. 11 exhibits slight inferior accuracy. But when linear interpolation (55) is used there, the discretization error, plotted in Fig. 12 , grows and pollutes all the region f2. It is the difference in the corresponding variational equations, namely (54) and (60), which makes the error due to the linear interpolation nearly four times larger than that due to the inconsistent formula. The discretization error shown in Fig. 13 is of the difference scheme (35) with the fourth-order interpolation formula (61), used over the same nonuniform mesh. This time, the error resembles that due to (35)-(37). The resemblance in the variational Eqs. (48) and (64) seems to be responsible for this. 
Conclusion
Existence of asymptotic expansions for the discretization error of the first-order upwind difference scheme has been shown to exist at nodes separating regions of differing mesh sizes. It has been shown that results of the upwind difference scheme with difference correction on a locally refined mesh exhibit superiority over the original solution which in turn confirms the existence of the asymptotic expansion [13] . It has been shown that even an inconsistent scheme may give rise to better results compared with the standard linear interpolation in special situations.
